Abstract. We analyze a general multigrid method with aggressive coarsening and polynomial smoothing. We use a special polynomial smoother that originates in the context of the smoothed aggregation method. Assuming the degree of the smoothing polynomial is, on each level k, at least Ch k+1 /h k , we prove a convergence result independent of h k+1 /h k . The suggested smoother is cheaper than the overlapping Schwarz method that allows to prove the same result. Moreover, unlike in the case of the overlapping Schwarz method, analysis of our smoother is completely algebraic and independent of geometry of the problem and prolongators (the geometry of coarse spaces).
Introduction
This paper is concerned with convergence of a multigrid method featuring aggressive coarsening. We analyze a general (abstract) multigrid algorithm with a special polynomial smoother that allows to prove a convergence bound independent of the relative size of the spaces on subsequent levels. Assuming that the resolution on level k can be characterized by a meshsize h k , and employing a carefully designed polynomial smoother as a multigrid relaxation process, we prove a convergence result independent of the ratio h k+1 /h k , provided that the degree of our smoother is greater than or equal to Ch k+1 /h k , where C is a positive constant influencing convergence, and h k and h k+1 are the characteristic resolutions of finer and coarser level, respectively (throughout the paper l denotes the coarsest level, and 0 the finest level). Thus, we allow the coarse space to be dramatically smaller than the preceding fine space and still obtain a multilevel convergence result not influenced by the ratio of their sizes. Here the aggressive coarsening is compensated for by a more powerful multigrid relaxation that consists of a sequence of Richardson type sweeps whose number is at least Ch k+1 /h k , C > 0. We note that the assumption of existence of characteristic meshsize on each level is a sufficient condition, and the abstract convergence result presented in Theorem 4.1 does not depend on this assumption. The assumption will, however, allow us to verify the prerequisites of the abstract convergence result for the model problem considered. We stress that the abstract theory (Theorem 4.1) is not restricted to the quasiuniform case.
The smoother we use was originally derived from a prolongator smoother in the context of the smoothed aggregation method [9] , [7] , [4] , and the previously proved theory [9], [8] was also limited to that context. Recent improvements of the convergence theory in [4] , establishing the same convergence result as presented here, were also restricted to the smoothed aggregation method.
The regularity-free theory of [2] is known to derive no theoretical benefit from the use of more than O(1) smoothing steps. Thus, until recently, the authors believed that the current result was possible only within the framework of smoothed aggregation, that is, smoothing the prolongator was deemed essential to establishing the result. The earlier works on this topic [6], [9] , [7] , depend crucially on this argument. In this paper, we prove a nearly optimal multilevel convergence result for this smoother used in general multigrid, and show that with a special choice of iteration parameters, Ch k+1 /h k smoothing steps suffice to prove convergence independent of how aggressive the coarsening is. The near optimality of the convergence estimate is understood in the sense of the regularity-free theory [2], i.e., the convergence bound has a linear dependence on the number of levels.
Note that a similar convergence result can be proved for the overlapping Schwarz smoother. However, the relevant analysis requires verification of geometry-dependent assumptions on the overlapping subdomains which are tied to the geometrical properties of the coarse-level basis. In contrast, all assumptions on our smoother are strictly algebraic, and the analysis of the smoother is therefore independent of the geometry of the problem or the particular choice of prolongation operators (geometrical properties of coarse-levels). For our smoother, we only need the assumption that its degree is sufficiently large, which in the quasiuniform case means, greater than or
